Fractional stochastic volatility models have been widely used to capture the non-Markovian structure revealed from financial time series of realized volatility. On the other hand, empirical studies have identified scales in stock price volatility: both fast-time scale on the order of days and slow-scale on the order of months. So, it is natural to study the portfolio optimization problem under the effects of dependence behavior which we will model by fractional Brownian motions with Hurst index H, and in the fast or slow regimes characterized by small parameters ǫ or δ. For the slowly varying volatility with H ∈ (0, 1), it was shown that the first order correction to the problem value contains two terms of order δ H , one random component and one deterministic function of state processes, while for the fast varying case with H > 1 2 , the same form holds at order ǫ 1−H . This paper is dedicated to the remaining case of a fast-varying rough environment (H < 1 2 ) which exhibits a different behavior. We show that, in the expansion, only one deterministic term of order √ ǫ appears in the first order correction.
Introduction
Portfolio optimization in continuous time was originally studied by Merton [1969 Merton [ , 1971 . In this celebrated work, explicit solutions are provided on how to allocate wealth between risky and risk-less assets, and how to consume wealth so that expected utility is maximized. The model there for the underlying assets is the Black-Scholes-Merton model, and the utility functions are of specific type, for instance, of Constant Relative Risk Aversion (CRRA) type.
In this paper, we study the Merton problem with power utility under a non-Markovian stochastic environment that is fast mean-reverting. Such proposed modeling is supported by recent studies. For instance, Gatheral et al. [2014] showed that stochastic volatility driven by a fractional Brownian motion (fBm) with Hurst index H < 1 2 fits well the market data. On the other hand, well-identified time scales are also observed, for instance, in Fouque et al. [2011] . Specifically, we let the underlying asset follow a Geometric Brownian motion-like model, and we let its return and volatility be driven by a fast-varying factor Y ǫ,H t characterized as the solution of
Here ǫ ≪ 1 is a small parameter, which makes Y ǫ,H t fast-varying and its mean-reversion time scale proportional to ǫ, and, W . However, we remark that partial results can still be obtained under general utilities where MDT is not available, following a similar argument as in our previous work Hu [2017b, 2018] . The details of this generalization will not be included here.
Thirdly, the fOU process Y ǫ,H t is rough (H <   1 2 ) and fast mean-reverting (ǫ small). This is the missing case in our previous work Hu [2017b, 2018] , where the asset allocation problem is studied under a slowly varying fractional stochastic environment (fSE) with H ∈ (0, 1), corresponding to ǫ := 1/δ large, and under a fast varying fSE (ǫ small) with H > 1 2 . Therefore, this paper completes the full picture of the analysis of the portfolio optimization problem in single-factored fractional stochastic environments.
Fourthly, although it is natural to consider multiscale factor models for risky assets, with a fast factor and a slow factor as in Fouque et al. [2015] in a Markovian framework, the analysis requires more technical details, as the MDT is not available. This will be presented in another paper in preparation (Hu [2018b] ).
We now summarize the related existing literature in the following table. Fouque and Hu [2017b] Optimization fSE + Slow (H ∈ (0, 1))
Fouque and Hu [2018] 
(1) * We denote by h (0) the leading order term in the expansion, and by h (0,1) , h (1,0) , h (1) the first order corrections, where h = P for option pricing, and h = v for problem value of the optimization problem. The notation φ δ (resp. φ ǫ ) means a random component of order δ H (resp. ǫ 1−H ). † The expansion is heuristic expect for the case of power utility and one factor.
Main results. In this paper, we focus on one-factor models and we study the effect of a fast time-scale on the optimal allocation problem under power utility. When the problem is Markovian, a PDE approach is preferred, since after a distortion transformation, firstly discovered in Zariphopoulou [1999] , the PDE becomes linear where perturbation techniques usually work well. However, in the current setting, the fast factor is driven by a rough fBm and possesses short-range dependence. Nevertheless, the nice MDT is available and gives a representation of the value process as well as the optimal strategy. This was proved by Tehranchi [2004] via a conditional Hölder inequality, and by Frei and Schweizer [2008] via a BSDE approach in the case of exponential utility. Recently, it has been restated in Fouque and Hu [2017b] under the setup (2.1) with a short proof based on a verification argument.
Starting by applying MDT, we obtain the representation of the problem value and the optimal portfolio. We then expand them using the "ergodic property" of Y ǫ,H t , and we deduce approximation results for both quantities. Unlike in the long-range dependent case H > 1 2 in Fouque and Hu [2018] , here, the expansion of the value process contains only one correction term at order √ ǫ, which is explicit in terms of the state processes. And, surprisingly, there is no correction term at order √ ǫ for the optimal strategy. However, we are still able to show that the leading order strategy π (0) t itself generates the value process up to its first order √ ǫ correction, which is obtained by the "epsilon-martingale decomposition" method. This approach was firstly introduced in Fouque et al. [2000 Fouque et al. [ , 2001 and frequently used in problems with small parameters, especially in non-Markovian settings as in Garnier and Sølna [2017a , 2016 .
We remark that our expansion is only valid when H ∈ (0, 1 2 ) where Y ǫ,H t does not appear in the leading order nor in the correction. Moreover, the limit H ↑ 1 2 does not commute with the limit ǫ → 0 (see Section 3.4), which makes impossible to recover the results in the Markovian case provided in Fouque et al. [2015] .
Organization of the paper. In Section 2, we revisit the martingale distortion transformation under general stochastic volatility models. This is derived in the Markovian case in Zariphopoulou [1999] , and in non-Markovian settings in Tehranchi [2004] , Frei and Schweizer [2008] , Fouque and Hu [2017b] . Then the fast mean-reverting rough fractional stochastic environment (RFSE) is precisely described, that is, Y ǫ,H t follows a ǫ-scaled fractional Ornstein-Uhlenbeck process. In Sections 3.1 and 3.2, we derive the asymptotic results under this modeling for the value process and optimal portfolio respectively. The asymptotic optimality of the leading order strategy π (0) is proved within all admissible strategies in Section 3.3. Finally, we compare the results with the Markovian case H = 1 2 , and we comment on the influence of rough fractional model. We make conclusive remarks in Section 4.
Problem setup and preliminaries
Denote by S t the risky asset price at time t with both returns and volatility driven by a stochastic factor Y t : 
We define (F t ) as the natural filtration generated by the two Brownian motions (W t , W Y t ), and we shall use Y t to model the one factor stochastic environment. Later, in Section 3, Y t will be replaced by Y ǫ,H t , which will be a fast mean-reverting fOU process.
To formulate the Merton problem under such a stochastic environment, we introduce the following notations. Denote by π t ∈ F t the amount of money invested in the risky asset S t at time t, and by X π t the corresponding wealth process. The rest, X π t − π t is put into the bank account earning a constant interest rate r. Then, under self-financing, and, without loss of generality, assuming a zero interest rate, the dynamics of X π t is given by:
In the Merton problem, the agent aims at finding the optimal allocation π so as to optimize the expected utility of her terminal wealth X π T . Mathematically, it consists in identifying the value process V t defined by
and the corresponding optimal strategy π * . Here U (·) is a utility function describing the agent's preference. Throughout this paper, we shall work with power utilities, namely
The set A t is the collections of admissible strategies:
with the following integrability condition:
In Fouque and Hu [2017b] , the representation of value process (2.3) and optimal strategy π * are given via a martingale distortion transformation. The rest of this section is a preparation for the main results presented in the next section. The martingale distortion transformation is reviewed, and the fast meanreverting RFSE is introduced.
Martingale distortion transformation
The martingale distortion transformation was derived in Tehranchi [2004] with a slightly different utility function, and, recently, stated in Fouque and Hu [2017b] under the same setup as in this paper. Since the results in next section heavily rely on this transformation, for reader's convenience, we re-state it here.
Let P be an equivalent probability measure determined by the Radon-Nikodym derivative
, and Sharpe-ratio λ(·) = µ(·)/σ(·). Then, define the P-martingale
and denote its martingale representation as
Proposition 2.1 (Martingale Distortion Transformation). Under model assumptions, the value process V t defined in (2.3) is expressed by
The expectation E[·] is computed with respect to P introduced in (2.4), and the parameter q is given in terms of the utility's relative risk-aversion γ and the correlation coeficient ρ by
The optimal strategy π * is
where ξ t is given by the Martingale Representation Theorem in (2.6).
Proof. See [Fouque and Hu, 2017b , Proposition 2.2] for a detailed proof. Discussions about special cases (uncorrelated ρ = 0, degenerate Sharpe-ratio λ(y) = λ 0 , etc.) and generalization to multi-asset case can also be found therein.
Remark 2.2. The model assumptions consist of the existence of a unique strong solution to (2.1), the coincidence between the filtration generated by Y t and G t , the regularity condition on λ(·) and integrability condition on ξ t :
They are actually the same as in our previous paper Fouque and Hu [2018] . So, for the sake of space, we omit the detailed description here, and refer to Assumption 2.1 and Remark 2.2 therein for further discussion.
Modeling of the fast mean-reverting RFSE
To accommodate the fast mean-reverting property in the stochastic environment, we introduce the small parameter ǫ in the modeling of Y t , and we switch to the notation Y 
where ǫ ≪ 1 is a small parameter, K(t) is a non-negative kernel taking the form 
where
is the fractional Brownian motion (fBm) with Hurst index H. Properties regarding this process (with or without scaling) has been widely studied, for instance, see Cheridito et al. [2003] , Garnier and Sølna [2017b] . For the sake of simplicity, here, we only mention results that are related to our derivations in the sequel.
The process Y ǫ,H t is Gaussian with mean zero and (co)variance structure:
The form of covariance shows that the natural scale of Y ǫ,H t is ǫ as desired. The variance of Y ǫ,H t stays invariant, which validates the way K ǫ (t) is rescaled in (2.9). The kernel 
Then, the following differences between time averages and spacial averages are of importance in the derivations: Proof. This can be easily checked using the argument in [Fouque and Hu, 2017b, Lemma 3 .1] and the fact that
Therefore, we omit the details here. , this nonlinear problem is nonMarkovian. This immediately rules out the Hamilton-Jacobi-Bellman PDE approach, which is usually an efficient tool to analyze and find approximations to control problems with small parameters involved. Nevertheless, Proposition 2.1 is available and we will start with applying it to our problem and then find expansions based on it.
To be specific, we will give approximations of both the value process, denoted by V ǫ t and the corresponding optimal strategy π * . This is done by applying Proposition 2.1 with
, then by expanding the expressions (3.1) based on the properties mentioned in Section 2.2. We also show that the "leading order" strategy alone can produce the given approximation of V ǫ t . Finally, we compare the results with the Markovian case, and we comment on the effects of taking into account the short-range dependence.
First order approximation to the value process
Let S t be the price of a risky asset in the fast mean-reverting RFSE:
is the ǫ-scaled stationary fOU process with H < 1 2 , defined in (2.9). Accordingly, the wealth process X π t becomes dX
and the value process is denoted by V ǫ t :
We add the superscript ǫ to the problem value V 
Theorem 3.1. In the regime of ǫ small, under model assumptions, for fixed t ∈ [0, T ), V ǫ t takes the form
with v (0) and v (1) defined as
and the coefficient D defined by
The function p C (z, z ′ ) is the pdf of the bivariate normal distribution with mean zero and covariance matrix 1 C C 1 , and C Y (s) is given in (2.11). As usual, the notation o( √ ǫ) denotes an F t -adapted random variable whose order is higher than √ ǫ in the L 1 sense.
Proof. Given the representation (3.1) for V ǫ , the expansion result (3.2)-(3.3) can be obtained by firstly expanding (3.4) and then applying Taylor formula to the function x q . Using the fact that I ǫ t is "small" and Taylor expansion of e x in x, one deduces
with χ being the bounded Lagrange remainder. Thus,
Define the P-martingale ψ ǫ t with its martingale representation by
It remains to find the expansion of ψ ǫ t up to order √ ǫ. To condense the notation in the following derivation, we also define
where ψ ǫ t is a P-martingale satisfying dψ 
(ii).
With all above preparations, we deduce:
(expression of ψ ǫ t and ϑ ǫ t , and κ
All reasonings are mentioned in the parentheses from line to line and detailed statements can be found in Lemmas A.1-A.3. Subtracting
) du from both sides of the above expansion, together with (3.5), (2.13) and (3.6), brings
The last step follows from φ ǫ t ∼ O(ǫ 1−H ) (see Lemma A.1(ii)). Now, Taylor expanding x q produces the desired result
Note that, unlike in the long-range dependent H > 1/2 case studied in Fouque and Hu [2018] where the first order corrections consist of two terms (one random component φ ǫ t and one deterministic function in (t, X t )) at order ǫ 1−H , here, the correction appears at order √ ǫ and contains only a deterministic function of (t, X t ). In other words, except for the constant D, the fast factor Y ǫ,H t is not visible in the leading order term nor in the first order correction.
First order expansion of the optimal strategy
The optimal portfolio π * is also of interest, if not the most important quantity. Under the RFSE described by Y ǫ,H t , using the results in Proposition 2.1, the optimal strategy (2.7) takes the form
The term ξ t is defined by the martingale representation of P-martingale M t , and is in general not known explicitly. This brings extra difficulty when one wants to implement the optimal strategy π * to attain the problem value. However, at least in the regime of ǫ small, we can give the following expansion result for ξ and π * .
Theorem 3.2. Under model assumptions, we have the following approximation of the optimal strategy π * t :
Proof. This is done by obtaining the expansion of ξ t from its definition (2.6). We rewrite M t in terms of Ψ ǫ t by comparing (2.5) to (3.4),
and then, we use the approximation (3.10) of Ψ ǫ t . However, when applying Itô's formula to the above expression, none of the three terms will contribute to the diffusion part at order √ ǫ, meaning that ξ t ∼ o( √ ǫ). This leads to the desired result.
In the next subsection, we show the asymptotic optimality property of π (0) defined in (3.12). That is, by only implementing π (0) , the agent is able to obtain the first order approximation (3.3) of the optimal value (3.1).
Asymptotic optimality of π
t be the wealth process associated to π t has p th -moment for any p, and this ensures the admissibility of π (0) . To systematically simplify the notation in the derivation in Proposition 3.3, we introduce the risktolerance function R(t, x) and the differential operator D k , as in Fouque et al. [2015] , by:
Then, the wealth process X
We also introduce the nonlinear operator L t,x (λ) by
and one can check by straightforward calculation that v (0) satisfies
Denote by V π (0) ,ǫ · the corresponding value process
In what follows, we aim to find the approximation of V π (0) ,ǫ t in the regime of ǫ small. This will be obtained via "epsilon-martingale decomposition", firstly introduced in Fouque et al. [2000] to solve the linear pricing problem, and later developed in Fouque et al. [2001] , Garnier and Sølna [2017a , 2016 , Hu [2017b, 2018] . Roughly speaking, we need to construct an explicit function Q t for V π (0) ,ǫ t in the form of a martingale plus something small (non-martingale part), which has the same terminal condition as V π (0) ,ǫ t . Then, this ansatz is indeed the approximation to V π (0) ,ǫ t up to order of the non-martingale part. Detailed explanation can be found in the above references.
Proposition 3.3. Under model assumptions, for fixed t ∈ [0, T ) and the observed value X t , V
where Q ǫ t is given in (3.3).
The above Proposition combined with Theorem 3.1 immediately gives:
is asymptotically optimal within all admissible strategy A ǫ t up to order √ ǫ.
This is because V
already generates the leading order term plus the correction of order √ ǫ given by (3.3).
Proof of Proposition 3.3. Based on the epsilon-martingale decomposition approach, it is enough to find a decomposition M 
where M
(1) t is the martingale given by 17) and the relations (3.15) and
Recall φ ǫ t and ψ ǫ t defined in (2.13) and (3.6) respectively, then, we have dψ
and the first term in (3.16) becomes
, which corresponds to finding the corrector to
t ) will be omitted systematically in the following):
In the derivation, we have used the definition of D 1 and R(t, x) (cf. (3.14)), and
The results in Lemma A. 
gives, (3.20) where
is the martingale defined by
(1)
Defining the quantity Q ǫ t by
and combining equation (3.16), (3.18) and (3.20) yields
Denote by R (j) t,T , j = 1, 2, 3 the first three terms in the above expression
It is proved in Lemma A.5 that they are o( √ ǫ) terms in L 1 :
Lemma A.4 also shows that M (j) t , j = 1, 2, 3 are indeed true P-martingales. Therefore, define the martingale M ǫ t and the non-martingale part R ǫ t respectively by
t,T ,
(by Lemma A.1(ii) and integrability of D 1 v (0) ), we obtain the desired result
Remark 3.4. Expansion results of V π (0) ,ǫ can be extended to the case with general utility functions, as in Hu, 2017b, 2018, Section 4] . This is accomplished using the properties of the risk-tolerance function R(t, x) studied in Fouque and Hu [2017a] .
Comparison with the Markovian case
In the Markovian case, corresponding to H = 1 2 in the modeling of Y ǫ,H t (2.9), approximations to the value function and the optimal portfolio have been rigorously derived in Fouque et al. [2015] , and are of the form:
where θ(y) solves the Poisson equation of our current setup. However, the two limits apparently do not commute for the optimal control, since there is no correction term at order √ ǫ in (3.11). This is also the case for the problem value V ǫ , even the first order correction in (3.3) turns out to be of order √ ǫ. Formally, letting H ↑ 1 2 in equation (3.3), we obtain
where D ′ is the limit of D as H approaches 1 2 , 2 )) surprisingly share the same form (a leading order term plus the first order correction at order √ ǫ), the coefficients are not identical. This is because our derivations in Theorem 3.1 and 3.2 are only valid for H ∈ (0, 1 2 ), and the singular perturbation is "singular" at H = 1 2 . Consequently, the order of limits H ↑ 1 2 and ǫ → 0 is not interchangeable, and this leads to different expansion results. We also remark that, unlike in the case H > 
Conclusion
In this paper, we treated the portfolio optimization problem in a one-factor stochastic environment when the investor's utility is of power type. To accommodate recent empirical studies, we model this factor using a fast mean-reverting process driven by a fractional Brownian motion with Hurst index H < 1 2 . Thus, its paths are rougher than the standard Bm and it has short-range dependence. Under this setup, the value process can be represented explicitly thanks to the martingale distortion transformation (MDT), which enables us to perform an asymptotic expansion and obtain an approximation of the form: leading order term plus a correction term at order √ ǫ. Surprisingly, the order of the correction is not associated to the Hurst index H, and the fast factor Y ǫ,H t appears in neither terms, which is a different behavior than in the cases studied in our previous work Hu [2017b, 2018] . The approximation of the optimal strategy is also analyzed, and it turns out that there is no correction at the order √ ǫ. Nevertheless, we are still able to show that the leading order strategy, derived in Section 3.2, is able to reproduce the problem value up to order √ ǫ, and therefore, it is asymptotically optimal within all admissible strategies. We remark that this is only proved in the case of power utility, as in general, the MDT is not available either with general utility or with multi-factor models, as well as the expansion of the full problem value. However, one can work within a smaller class of admissible strategies and easily extend the "epsilon-martingale decomposition" argument in Section 3.3 to obtain a weaker optimality of π (0) . For the general utility case, this argument is very similar to our previous work Hu, 2017b, 2018, Section 4] , and we did not include it here. The multi-factor case involves more techniques and will be presented in another paper in preparation Hu [2018a] .
Since X π (0) t has p th moment for any p, the above expectation is of order ǫ 1−H , and thus (A.3) is satisfied for j = 1.
To prove (A.3) with j = 2, we denote t k = t + (T − t)k/N , Z We then claim two properties for Z 
